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Abstract





fective potential of the Standard Model at nite (and zero) temperature
can have a deep and unphysical stable minimum h(T )i at values of the
eld much larger than G
 1=2
F
. We have computed absolute lower bounds on
M
H
, as a function of M
t
, imposing the condition of no decay by thermal
uctuations, or quantum tunnelling, to the stable minimum. Our eective
potential at zero temperature includes all next-to-leading logarithmic cor-
rections (making it extremely scale-independent), and we have used pole
masses for the Higgs-boson and top-quark. Thermal corrections to the eec-
tive potential include plasma eects by one-loop ring resummation of Debye
masses. All calculations, including the eective potential and the bubble
nucleation rate, are performed numerically, and so the results do not rely
on any kind of analytical approximation. Easy-to-use ts are provided for
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1 Introduction





, the eective potential of the Standard Model (SM) exhibits an unphysical stable
minimum at values of the eld much larger than the electroweak scale. This eect is
accentuated for large top Yukawa coupling h
t
, which drives the SM quartic coupling 
to negative values at large scales. Therefore, the vacuum stability requirement in the
SM imposes a severe lower bound onM
H
, which depends onM
t
and the cuto  beyond
which new physics operates. This bound was computed in various approximations [1{5],
and, more recently, using the improved one-loop eective potential including all next-
to-leading logarithm corrections and pole masses for the Higgs-boson and the top-quark
[6{8]. It was proved in ref. [8] that the latter eects can be very specially important,
in particular for large top-quark masses (as the recent experimental evidence indicates
[9, 10]) and for low values of  (which can be interesting for the future range of masses
that will be covered at LEP-200 [11]).
However, even if the lower bounds on M
H
arising from stability requirements are a
valuable indication, they cannot be considered as absolute lower bounds in the SM since
we cannot logically exclude the possibility of the physical electroweak minimum being
a metastable one, provided the probability, normalized with respect to the expansion
rate of the Universe, for decay to the unphysical (true) minimum, be negligibly small.
This we will call metastability requirement. A rst step in that direction was given in
ref. [12], where bounds on the Higgs mass from the requirement of metastability of the
electroweak vacuum at nite temperature, for temperatures below the critical temper-
ature of the electroweak phase transition, were given. It was subsequently noticed [13]
that the strongest bounds come from the requirement of metastability for temperatures
higher than the electroweak critical temperature. In that paper the eective potential
was calculated in the leading-logarithm approximation, with tree-level masses for the
Higgs-boson and top-quark, and using the high-temperature limit for thermal correc-
tions as well as semi-analytical approximations for the calculation of the energy of the
critical bubble and so the tunnelling probability by thermal uctuations.
In view of the future Higgs search at LEP-200 and future colliders, it is extremely
important that the bounds provided on the Higgs mass in the SM be as accurate as
possible. In this paper we will compute metastability lower bounds on the Higgs mass
as a function of the top mass and the cuto  using:
 an eective potential including next-to-leading logarithm corrections, and guar-
anteeing to a large extent scale independence, as in [8];
 physical (pole) masses for the Higgs-boson and top-quark;
 thermal corrections to the eective potential including plasma eects by one-loop
resummation of Debye masses; these corrections are evaluated numerically and
thus do not rely on the high temperature expansion;
 numerical calculation of the bounce solution and the energy of the critical bubble.
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As a consequence of the previous input, our lower bound on M
H
reduces dramati-
cally with respect to the results of ref. [13]. To x the ideas, for M
t
= 175 GeV, the
bound reduces by  10 GeV for  = 10
4
GeV, and  30 GeV for  = 10
19
GeV.
2 The eective potential
The starting point in our analysis is the eective potential of the SM at nite temper-




(; T ) = V
e
(; 0) + V
e
(; T ) : (1)
















































































































 is the one-loop contribution to the cosmological constant [5], which will turn
out to be irrelevant in our calculation. Likewise the contribution of the Higgs and
Goldstone boson sector can be consistently included [15], although it is numerically
irrelevant.
In eqs. (3) and (4) the parameters (t) and m(t) are the SM quartic coupling and




(t) are the SU(2), U(1) and top Yukawa couplings
respectively. All parameters are running with the SM renormalization group equations









(t) is the anomalous dimension of the Higgs eld. Finally the scale (t) is related
to the running parameter t by (t) =  exp(t), where  is a given scale that xes the
starting of the running and will be taken equal to the physical Z mass.
It has been shown [16] that the L-loop eective potential improved by (L+1)-
loop RGE resums all L
th
-to-leading logarithm contributions. Consequently we have
considered [8] all the - and -functions of the previous parameters to two-loop order
[5] so that our calculation contains all next-to-leading logarithmic corrections.
The potential (2) has been proved [8, 15] to be very scale-independent. It means that
any judicious choice of the scale (t) should give a very good and accurate numerical
2
description of it. In particular the choice (t) = (t) minimizes the size of radiative
corrections and will be taken from here on. The potential (2) can have, depending on
the values of the Higgs-boson and top-quark masses, other minima at large values of






























































For stationary points much larger than the electroweak scale,
~
 1 and the curvature

































where all the parameters are evaluated at the scale 
stat
. Eq. (6) shows that the





In fact, the large eld structure of the eective potential at zero-temperature can
be understood from (6). Typically, for low scales 





. This means that
~
 is decreasing as the scale increases and will satisfy the
condition
~
  0 for a stationary point, which will turn out to be a maximum since 

is negative. However, as the top coupling h
t
decreases with the scale, and the gauge
couplings provide a positive contribution to 

, at a given scale the contribution of top
and gauge couplings will balance and there will be a turn over at a particular scale
from negative to positive 

. This will make
~
 to increase and cross zero, indicating
the presence of a minimum, since now 

> 0.
The previous pattern translates into a well-dened structure of the eective po-
tential at zero-temperature. The locations of maxima and minima depend on the SM
parameters, in particular on the Higgs-boson and top masses. Stability bounds can be
established on the basis that the maximum
1
occurs for values of the eld larger than
the cuto  beyond which the SM is no longer valid.



















(t) is the running mass dened as the second derivative of the eective
potential and (p
2




















































Strictly speaking we should replace in this sentence "the maximumof the potential" by the "value
of the eld where the potential is deeper than the electroweak minimum". However the dierence is
numerically irrelevant given the sharp descent of the potential after the maximum.
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, i = 1; : : : ; 5, represent the masses of the ve lighter quarks, lower bounds
on M
H
as a function of M
t
and  were put in [8]. We will later on compare these
bounds with those that will be obtained in this paper. In Fig. 1 we show the shape
of the eective potential at zero-temperature (thick solid line) for M
t
= 175 GeV and
M
H
 122 GeV. We see that there is a deep minimum at large values of . Requiring




, as can also be seen in [8].
The thermal correction to Eq. (1) can be computed using the rules of eld theory
at nite temperature [18, 19]. Including plasma eects [14, 18, 19, 20] by one-loop ring
resummation of Debye masse
3
, it can be written as
V
e
(; T ) = V
1
(; T ) + V
ring
(; T ) : (9)
The rst term in (9) is the one-loop thermal correction
V
1
















































































Plasma eects in the leading approximation can be accounted for by the one-loop
eective potential improved by the daisy diagrams [18, 20]. This approximation takes
into account the contribution of hard thermal loops in the higher-loop expansion. The
second term of Eq. (9) is given by [21]
V
ring






































































































This approximation is good enough for our purposes in this paper, since the infrared problem for



















































In Fig. 1 we plot the eective potential at T = T
t
= 2:5  10
15
GeV (thin solid




, where the temperature T
t








GeV the thermal corrections dominate over the zero-temperature





GeV, thermal corrections are exponentially suppressed and
the potential drops to the zero-temperature value. For T  T
t
the minimumdisappears
and symmetry is restored.
3 The thermal tunnelling
In a rst-order phase transition, such as that depicted in Fig. 1, the tunnelling proba-










where, for our purposes the prefactor ! can be taken to be O(1) as will be explained
later, and E
b
(the energy of a bubble of critical size) is given by the three-dimensional
euclidean action S
3









At very high temperature the bounce solution has O(3) symmetry, and the euclidean





























, the potential is normalized as V
e
(0; T ) = 0, and the bounce 
B
satises
































For T < T
EW
c




The semiclassical picture is that unstable bubbles (either expanding or collapsing)
are nucleated behind the barrier, at 
B
(0), with a probability rate given by (16).
Whether or not they ll the Universe depends on the relation between the probability
rate (16) and the expansion rate of the Universe. The actual probability P is obtained
by multiplying the probability rate (16) by the volume of our current horizon scaled














  3:25  10
86
: (22)


















is the temperature at which the two minima of the eective potential become
degenerate. In fact, when T ! T
c
the probability rate goes to zero, since E
b
(T )!1.
Let us notice that the total probability P  P (T
c
) is not normalized to unity. In
fact the physical meaning of the integrated probability was discussed in ref. [25], where
it was shown that the fraction of space in the (old) metastable phase in a rst-order






and so the fraction of space in the (new) stable phase is
f
new
= 1   e
 P
: (25)
In this way for values of P  1 all the space is in the metastable phase, while for
P  1 all the space is in the stable phase. We will see that the critical value of the
probability, P = O(1), can simply be taken as the condition for the space to be in the
metastable phase since, as a function ofM
H
, P is very rapidly (exponentially) varying.









= 175 GeV and M
H
 122 GeV, as in Fig. 1. We see that there is a minimum
of E
b
=T for a temperature of log
10





(T=GeV)  16:5. The fact that the two stationary points do
not coincide is a consequence of the prefactor in (21), and proves that integrating (21)
by the steepest-descent method around the point B
0
(T ) = 0, B(T )  E
b
(T )=T , as can
usually be found in the literature [25], is not a good approximation in our case. We
have therefore performed the integral of (21) numerically. In Fig. 4 we have plotted the







. We have shown, with the arrow on the tip of the wavy line, the location of the
bounce solution 
B
(0)  1:9 10
16
GeV at this temperature.





is greater than 1. However, it may also happen to be smaller than 1.
This will be the case for any xed value of M
t
and suciently large values of M
H
. For




, even if there is a metastable minimum at the origin, there
6
is no dangerous transition to the deep stable minimum: in spite of appearances, the




. If, for the same value of M
t
, we decrease
the value of M
H
, then the total integrated probability increases, until it reaches values
of O(1) in which case f
new
 1 and the phase transition takes place.









122 GeV the integrated probability
increases and the phase transition always takes place. But, how sensitive is the obtained
bound on M
H
to the precise denition of the (critical) probability for the onset of the
phase transition? The answer is, very little. This is illustrated in Fig. 5 where we plot




= 175 GeV. We can see that logP crosses zero at
M
H
 122 GeV, while M
H
 1 GeV corresponds to  logP  20, which means
that the error induced by the precise denition of the critical probability is negligible.
This also means that no precise knowledge of the prefactor ! is required to get an
accurate value of the bound on M
H
. In fact, it has been shown [24] (computing the
Higgs uctuations on the background of the critical bubble) that for the electroweak
phase transition the prefactor ! might signicantly suppress the tunnelling rate. In
our case the quartic Higgs coupling in the relevant range of scales is very small and









122 GeV) for a particular value of the top-quark mass (M
t
= 175 GeV) assuming
implicitly a SM cuto at a scale equal to 10
19
GeV (see Fig. 5). However the bounds
should also depend on the actual value assumed for .




such that P = 1 in (23) for  = 10
19
GeV. [This
is, e.g., the case illustrated in Fig. 5 for M
t
= 175 GeV and M
H
 122 GeV.] Keeping
now M
t
xed, P increases when M
H
decreases. [See again Fig. 5 for illustration.] This
means that for those values ofM
H
, and  = 10
19
GeV, the phase transition should take
place, as expected. However, for any dierent xed value of ,  < 10
19
GeV, we have
to cuto the integral (23) such that 
B






(0)   (26)















From Figs. 1 and 4, and the results described in the previous section, we deduce
that the obtained bound of M
H
 122 GeV for M
t
= 175 GeV corresponds to a
5
Even ignoring this fact, the results of [24] give log!   23 (when the height of the barrier is
small compared with the free-energy dierence between the minima, as in our case), and Fig. 5 shows
that this eect would change the bound on M
H
by less than 1 GeV .
6













GeV and a cuto scale of   10
16
GeV. Moving down with , and
keeping M
t
xed, one should move down with M
H
to saturate condition (26). This
behaviour is illustrated in Fig. 6, where we plot the lower bound on M
H
as a function
of  for xed values ofM
t




) = 0.124. The upper
curve corresponds toM
t
= 200 GeV and the lower curve toM
t
= 140 GeV. From Fig. 6




could give under certain circumstances,





> 64:3 GeV (95% c.l.), only if M
t
> 150 GeV we could obtain an upper bound on
the scale of new physics from the Higgs detection and mass measurement. For instance
if we x M
t
= 200 GeV we will obtain an upper bound on  provided that M
H
< 175
GeV. We will comment briey, in the next section, on the implications of this fact for
the Higgs search at LEP-200.
In Fig. 7 we have plotted the lower bound on M
H
as a function of M
t
for dierent
values of : from log
10
[=GeV] = 4 (lower solid) to 19 (upper solid). We also present in
Fig. 7, for the sake of comparison, the lower bounds arising from the absolute stability
requirements [8] for log
10
[=GeV] = 3 (lower dashed), 4 and 19 (upper dashed). We
can see that the solid curve corresponding to log
10
[=GeV] = 3 has disappeared, which
means that for this value of , even if the electroweak minimum can be metastable
(this corresponds to the region below the lower dashed line), it never decays into the
stable unphysical minimum. The modication that the metastability bounds impose
on the picture where only absolute stability was imposed can be easily traced back
from Fig. 7. For  = 10
19
GeV it is negligible for M
t
= 200 GeV, while it can be as
large as 25 GeV for M
t
= 140 GeV. However, for small values of  the modication
is dramatic for the interesting range of M
t
considered. For instance, for  = 10
4
GeV
the dierence is  30 GeV for M
t
= 200 GeV and  50 GeV for M
t
= 165 GeV.











and the t is accurate to 1 GeV, for M
H














Table: Coecients A() and B() of Eq. (28).
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) = 0:124  0:006 ; (29)
xed  to its maximum physically interesting value of 10
19
GeV, and represented the
lower bound on M
H
for the central value of 
S
in (29) (diagonal thick solid line) and
the two extreme values (diagonal thick dashed lines). A t to these lines, accurate to
1 GeV for M
H
> 60 GeV, as those in (28), is given by,
M
H




=GeV)  277 : (30)
We have also shown in the plot the bounds corresponding to the requirement of
absolute stability [8] (diagonal thin lines) and, for the sake of comparison, the absolute







We have obtained absolute lower bounds on the SM Higgs mass M
H
as a function of
the top-quark mass M
t
, and the scale  beyond which the SM is no longer valid, from
the requirement of no decay by thermal uctuations from the metastable minimum
at the origin to the true (deep) minimum at large values of the eld. The bounds
from the similar requirement of no tunnelling by quantum uctuations from the elec-
troweak minimum at zero-temperature are always weaker than the former ones. For
completeness we present them in Fig. 9, which should be compared with the solid lines
in Fig. 7.
Now we will comment on the accuracy of our results. There are two types of
uncertainties: theoretical and experimental. We nd that the former are negligible as
compared to the latter. The theoretical uncertainties, leaving apart the very precise
treatment of the numerical analysis, include the denition of the critical probability,
and the possible gauge dependence of the result. As for the former, we have seen in
Fig. 5 that the result is completely insensitive to the precise denition of the critical
probability. Any value of O(1) would give the same result
7
. A related uncertainty
comes from the pre-factor ! in the probability rate (16). We expect this uncertainty to
be comparable in size to that associated with the denition of the critical probability,
and thus negligible when translated into an error in the determination of the Higgs
mass. As for the gauge dependence, we expect it to aect our results very little. In
fact, as can be seen from Figs. 1 and 4, the total eective potential at nite temperature
is totally dominated by the thermal correction, for  < 
B
(0). The thermal correction
(10), coming from gauge bosons and the top-quark, as well as the Debye masses (14),
are gauge-independent [19], while all the gauge dependence is encoded in the one-loop
contribution from the Higgs and Goldstone bosons to (10), which we have neglected,
7
In fact the uncertainty in the determination of the Higgs mass from the eective potential at zero
temperature, even if bounded by
<

1 GeV in our treatment [8], is much greater than the uncertainty
from the denition of the critical probability.
9
since it is numerically irrelevant
8
. Finally we should mention that the very denition
of the cuto, or new physics scale,  has, itself, a fudge factor which increases when
the value of  decreases. This is associated with the existence of threshold eects at
the scale , necessary to match the SM below  with the new physics beyond . In
practice this eect should aect negligibly our results for high values of the scale .





), which we will take as in (29), and the uncertainty in the (future) measurement
of M
t
. Normalizing the latter as M
t
= 176  13 GeV [9], we can write the uncertainty






















where all masses are expressed in GeV. Let us notice that the uncertainty in (31) gets
reduced for  < 10
19
GeV. In particular for  = 10
4
GeV the factor 4.91 in (31)
becomes  1 and the factor 29.6 becomes  17. A quick glance at (31) shows that




can help in reducing the uncertainty
on the bound of M
H
.
On the other hand, one can easily extract information on the scale of new physics 
from a possible measurement of the Higgs mass at LEP-200 and an experimental lower
bound on M
t
. In fact, from Eq. (30) and the shape of bounds in Fig. 6 as functions of
 we can deduce that the measurement of M
H
would translate into an upper bound










+ 123 ; (32)





> 152 GeV is necessary for a future Higgs-mass measurement to imply
an upper bound on the scale of new physics. Non-detection of the Higgs at LEP-200, i.e.
M
H
> 90 GeV, would imply similarlyM
t
> 163 GeV as a necessary condition to obtain
an upper bound on the scale of new physics from a future Higgs-mass measurement.













, the condition for an upper bound 
max
on new




















and the precise value of 
max
is given by the intersection of (33) and (34) in Fig. 6.
Finally, notice that the Higgs mass measurement might serve (depending on the top
mass) to disentangle between the SM, with a cuto at  = 10
19
GeV, and the MSSM
8
Neglecting the scalar sector in radiative corrections is a normal procedure for analysing the elec-
troweak phase transition [28]. In our case this approximation is especially justied since  1 in the
region near the stable (unphysical) minimum.
9












(in which case the couplings of the lightest Higgs are indistinguish-
able [29] from the couplings of the SM Higgs). In Fig. 8 we have plotted the upper









180 GeV there is a mass gap between the MSSM and the SM, and measurement
of M
H





there is a large overlapping region where both models would be indistinguishable.
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Figure 1: Plot of the eective potential for M
t
= 175 GeV, M
H
 122 GeV at T = 0
(thick solid line) and T = T
t
= 2:5  10
15
GeV (thin solid line).
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Figure 2: Plot of E
b
, the energy of the critical bubble, as a function of the temperature




as in Fig. 1.
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Figure 3: Plot of dP=d log
10









GeV at which the integrated
probability is equal to 1 is indicated with a dashed line.
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as in Fig. 1, normalized with respect to its maximum value, as a function
of , arbitrarily normalized with 
0
= 6:0  10
15
GeV. The arrow indicates the value











Figure 6: Lower bounds on M
H







) = 0:124 and M
t
from 140 GeV (lower curve) to 200 GeV (upper curve),
step = 10 GeV.
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Figure 7: Lower bounds on M
H






) = 0:124 and  =
10
4















GeV (upper solid line). The dashed lines are the absolute stability bounds
for  = 10
3




GeV (upper dashed line).
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Figure 8: Diagonal lines: SM lower bound on M
H
(thick lines) as a function of M
t




= 0:124 (solid), 
S
= 0:118 (upper dashed), 
S
= 0:130
(lower dashed). The corresponding bounds for the absolute stability requirement are





= 1 TeV and 
S
as in the diagonal lines.
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Figure 9: Lower bounds on M
H
as a function of M
t





 shown as solid lines in Fig. 7, from the requirement of slow quantum tunnelling
(compared with the present Universe expansion rate) from the electroweak minimum
at T = 0.
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